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^ . We use a 0-brane to probe a ten-dimensional near-extremal black hole with 

Qj [ units of 0-brane charge. We work directly in the dual strongly-coupled quan- 

I tum mechanics, using mean-field methods to describe the black hole back- 

ground non-perturbatively. We obtain the distribution of W boson masses, 
^ ■ and find a clear separation between light and heavy degrees of freedom. To 

localize the probe we introduce a resolving time and integrate out the heavy 
modes. After a non-trivial change of coordinates, the effective potential for 
the probe agrees with supergravity expectations. We compute the entropy 
of the probe, and find that the stretched horizon of the black hole arises 
dynamically in the quantum mechanics, as thermal restoration of unbroken 
U{N + 1) gauge symmetry. Our analysis of the quantum mechanics predicts 
a correct relation between the horizon radius and entropy of a black hole. 



1 Introduction 



For many years it has been an outstanding challenge to develop a microscopic 
understanding of black hole physics. Many properties of black holes can be 
easily understood using classical or semiclassical gravity. For example the 
notion of a horizon arises in classical gravity, while semiclassical considera- 
tions show that a horizon has an associated thermodynamic entropy. But 
ultimately we must understand how these semiclassical properties arise from 
a microscopic theory of quantum gravity. 

The development of non-perturbative definitions of string theory [0] has 
given a new perspective on these problems. In particular string theory in the 
background of a ten-dimensional non-extremal black hole with units of 
0-brane charge is known to have a dual description in terms of U{N) gauged 
supersymmetric quantum mechanics with sixteen supercharges . We would 
like to understand how the semiclassical physics of black holes emerges from 
the dual quantum mechanics. Can we recover the classical geometry of the 
black hole? Can we understand the horizon in terms of microscopic physics? 
Can we account for the Hawking-Bekenstein entropy? 

These questions are not easily answered, because the dual quantum me- 
chanics is strongly coupled whenever semiclassical supergravity is valid 0. 
In some cases, one can rely on supersymmetric non-renormalization theorems 
to calculate at strong coupling 0. But to make progress in a more general 
setting, we need non-perturbative methods to study the quantum mechanics. 

In [^, 1^ we developed a mean-field approximation scheme for the quantum 
mechanics of N DO-branes. Similar techniques have been applied to matrix 
integrals in 0. The approximation can be applied at strong coupling, and 
gives results for thermodynamic quantities which are in good agreement with 
semiclassical black hole predictions, at least over a certain range of tempera- 
tures. This supports the claim that the dual quantum mechanics can account 
for the Hawking-Bekenstein entropy. But to address the other questions listed 
above, we need a probe that is sensitive to the geometry of the black hole. 

In the present paper, we introduce an additional DO-brane as a probe of 
the black hole geometry. It is easy to describe the probe in terms of classical 
supergravity. In the dual quantum mechanics, the description is in terms of 
a gauge theory spontaneously broken to U{N) x U{1). We will make use 
of our mean-field approximation to describe the quantum mechanics of the 
U{N) black hole background. There are a number of interesting questions 
that we can address in this setting. Can one describe a localized probe in 
the quantum mechanics? Can one recover the expected effective potential 
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for the probe? What physics is responsible for the horizon of the black hole? 

An outline of this paper is as follows. In section 2 we review the su- 
pergravity description of a DO-brane probe of the black hole background. 
In section 3 we apply mean-field methods to the dual quantum mechanics 
problem, and show that we can localize the probe by introducing a resolving 
time in the quantum mechanics. In section 4 we perform a spectral analysis 
of 2-point functions in the quantum mechanics, to obtain the microscopic 
density of single-string excitations. We show that light states are present at 
the horizon; thus the horizon can be understood as thermal restoration of 
unbroken U{N + 1) gauge symmetry in the quantum mechanics. In section 
5 we show that the effective potential for the probe agrees with supergrav- 
ity expectations. The microcanonical entropy of the probe is computed in 
section 6. In section 7 we show that our results imply a correct relation 
between the horizon radius and entropy of a black hole. Section 8 gives some 
conclusions and directions for future work. 



2 Supergravity predictions 

We begin with a review of the supergravity description of the probe / black 
hole system. We will be able to extract a number of useful predictions about 
the behavior of the dual quantum mechanics. 

Our focus will be on the near-horizon region of a ten-dimensional non- 
extremal black hole in type IIA supergravity. The black hole is taken to have 

units of DO-brane charge, so that the dual quantum mechanics is U (N) 
gauged supersymmetric quantum mechanics with sixteen supercharges 0. 
In the near-horizon region the string-frame metric of the black hole is given 

by 



ds'^ = a' 



where c = 2''7r^/^r(7/2) and g\j^,i = (7s/47r^(a')^/^ is the coupling constant of 
the dual gauge theory. The dilaton profile is given by 



1 ( c9ymN \ 



3/4 



2 



and there is a R-R 1-form potential ||^ 

The horizon of the black hole is located at U = Uq, which corresponds to 
a Hawking temperature 

This is the temperature measured with respect to the Schwarzschild time 
coordinate t. Since t is identified with the time coordinate of the dual gauge 
theory, the dual quantum mechanics is to be studied at the same finite tem- 
perature. The black hole has a free energy 

/921q2p:7_14\ 1/5 / m \ 9/5 / ^ n 1.8 

(5) 

Duality predicts that the quantum mechanics should have the same free en- 
ergy. The supergravity description is expected to be valid when the curvature 
and the dilaton are small near the black hole horizon. This regime corre- 
sponds to the 't Hooft large- limit of the quantum mechanics, together 
with the requirement that the effective 't Hooft coupling in the quantum 
mechanics 

^7eff = 9ymN/T' (6) 

lies in the range 

1 « g'e, « N''/' . (7) 

Note that the quantum mechanics is strongly coupled whenever semiclassical 
supergravity is valid 0. 

A 0-brane probe of this supergravity background is described by the ac- 
tion 

S = -ToJ dt e-'^V-detG -To J dtA^ (8) 

where the tension of a 0-brane is Tq = l/gsVa'. Evaluating this on the 
black hole background (0) - (^) gives the effective action for the probe in the 
decoupling limit [|^, |[ 



S = , , / dt 



(9) 
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(we dropped a constant term, the rest energy of the probe at infinity). From 
the action we can read off the effective potential for a static probe, 




Note that the effective potential ( PUj) is singular at the horizon of the black 
hole. A singularity in a low-energy effective action suggests that massless 
degrees of freedom have been improperly integrated out. To see that this is 
indeed the case, consider 'W-bosons': open strings which can stretch between 
the probe 0-brane and the black hole. The energy of these strings can be 
computed by evaluating the Nambu-Goto action 



Sng = -77—: / c^^cta/- det G 
27ia' J 



on a string worldsheet which starts at the horizon and ends on the probe. 
A straightforward calculation gives an energy, measured with respect to the 
Schwarzschild time coordinate t, equal to 

mw = ^iU-Uo) . (11) 



This is identical to the calculations of [0, performed in the context of study- 



ing Wilson lines at finite temperature. 

The energy of these strings indeed goes to zero as the probe approaches 



the horizon. In [|Tl|] it was argued that these massless degrees of freedom are 
responsible for the singularity of the supergravity effective potential (plOl). We 
conclude that the supergravity description of the probe breaks down when 
the probe gets too close to the horizon, at least according to a Schwarzschild 
observer. [| In the full string theory (or dual quantum mechanics), which 
takes these light degrees of freedom into account, the W-bosons will become 
thermally excited as the probe approaches the horizon. 

To estimate the radius of the 'stretched horizon' at which this thermal- 
ization starts to occur, we compare the energy of a W-boson ( pA]) to the 
temperature of the black hole @ (the comparison is meaningful, since both 
energies are measured with respect to the same Schwarzschild time coordi- 
nate t) . Setting mw = T gives the radius of the stretched horizon 

f/s™ = t/o ^1 + ^(2,)5/A(,2^^iv)i/3 j )■ (12) 



"'^It is an outstanding question to understand the horizon microscopically from the point 
of view of a freely falling observer. 
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At this radius stringy degrees of freedom start to become thermally excited, 
so the supergravity description of the probe breaks down, and the classical 
black hole geometry (|I|) is no longer reliable. 

For an accurate description of physics inside the stretched horizon, we 
must turn to the dual quantum mechanics (or full string theory). There we 
see that light W-bosons are rapidly created, so the probe quickly thermalizes 
with the black hole. Once the probe 0-brane has come to thermal equilibrium, 
it can no longer be distinguished from the other 0-branes that make up the 
black hole. 

This makes it easy to compute the energy and entropy of the probe once 
it has been absorbed by the black hole and come to equilibrium. The effect 
of the probe is simply to shift ^ + 1 in the semiclassical free energy of 
the black hole (|^). We shift A^ holding both qym and the temperature fixed. 
Thus the free energy of a probe in equilibrium is given by 

/ J, N 9/5 

,3F„„.. = -5.76iv(^-j-^j . (13) 

This agrees precisely with the free energy one obtains by evaluating the DBI 
effective potential (|I0|) at the horizon of the black hole, /3Fprobe = PVes\u=Uo- 
This rather surprising coincidence was noted and explained in |]12[ . 



To better understand the absorption process, note that the energy and 
entropy of a probe in equilibrium can be obtained from the corresponding 
black hole quantities by shifting A^ — > A^ + 1. That is, they are given by 

/921ol2„14\ 1/5 / rp \ 14/5 

- (^) ^(«"''^'"' [js6^) 

/22632^14\ 1/5 / rjn \9/5 

Note that the probe acquires positive energy as it comes to equilibrium with 
the black hole. This is in sharp contrast to the negative attractive potential 
( p!OD which is present outside the stretched horizon. Moreover the probe 
acquires entropy once it is inside the stretched horizon, associated with the 
excited W-boson degrees of freedom. By contrast, outside the stretched 
horizon the probe entropy is very small (according to classical supergravity, 
it is exactly zero). Thus absorption of the probe by the black hole is driven 
by the increase in entropy, which more than makes up for the cost in energy. 
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3 Gauge theory calculations 



We now turn to the dual gauge theory description of the probe / black hole 
system, and apply mean-field methods ^ to study the quantum mechanics 
at strong coupling. 

Our starting point is U{N + 1) gauged supersymmetric quantum me- 
chanics with sixteen supercharges [1^. As in our previous work, we will 
describe the quantum mechanics using the language of A/" = 2 superspace. 
This formalism makes M = 2 supersymmetry manifest (out of the underlying 
M = 16). It also makes manifest a. G2 x SO {2) subgroup of the underlying 
SO (9) rotational invariance. 

In terms oi J\f = 2 superfields, the action for 0-brane quantum mechanics 
reads 

S=^ [ t/tt/2^Tr(-iv"^,V«^, - Iv''<I>aV^<I>a - ^ • 
9ym i ^ 4 2 3 / 

(15) 

Here Vq, is a U{N + 1) gauge superconnection, and jFj is the corresponding 
field strength. The fields 

are a collection of seven adjoint scalar multiplets, with A, B = 1, ... ,7 an 
index in the 7 of G2, and Jabc is a suitably normalized totally antisymmetric 
G2-invariant tensor. For more details on our notation see appendix A. 



3.1 Introducing a localized probe 

We wish to use a single 0-brane to probe a black hole with units of 0-brane 
charge. To do this we separate the probe from the black hole, by giving an 
expectation value to one of the scalar fields, say 

<4t)=(°°). (16) 

Classically this breaks the gauge symmetry from U{N + 1) down to U{N) x 
f/(l), and gives the off-diagonal fields a mass mw = R. 

Before continuing, there is an important question we must address: is 
the expectation value ([T6|) meaningful at strong coupling? The issue is that 
at strong coupling the eigenvalues of (pA have large quantum fiuctuations. 
These fiuctuations can be measured by computing the connected equal-time 
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correlation function j^{TT{(f)AY)c- For example in our approximation the 
eigenvalues obey a Wigner semicircle distribution, with maximum eigenvalue 

Amax = 2v/(Tr(0A)2)c/iV. (17) 



On general grounds one can argue that [14, 15 



^(Tr(0^)2)c ~ {9l-MNf\ (18) 

and this behavior is indeed seen in our mean-field approximation 0]. Thus 
the eigenvalues of (f)A fiuctuate over the entire region, of size ~ {gyM^Y^^ 
0, in which supergravity is valid. We want to place the probe well inside 
the supergravity region, at some value of i? -C {qym^Y^'^ ■ But can we really 
claim to have a well- localized probe, given the large fiuctuations I'fi^? 



The answer is that the probe can be well-localized, as long as it is out- 
side the stretched horizon. To see this, note that supergravity only emerges 
as a low energy approximation to the quantum mechanics. To discuss the 
position of the probe we must introduce a resolving time, and integrate out 
the high-frequency degrees of freedom in the quantum mechanics^. These 
high-frequency modes are responsible for the large fiuctuations ([T8|) , and by 
integrating them out, we can construct a sharply-defined position operator 
for the probe. 

Following [^], a suitable position operator can be obtained by smearing 
the Heisenberg picture fields over a Lorentzian time interval e. 

^e-* Mt) (19) 

The effect of the resolving time e is to integrate out modes with frequency 
larger than 1/e. We can only integrate out modes which are not thermally 
excited, so an appropriate choice of resolving time is e ~ /3. Then the op- 
erators 4>A provide sharply-defined position operators for the probe, at least 
as long as the probe is outside the stretched horizon. As we shall see, as 
the probe enters the stretched horizon, W-bosons with a mass of order 1/(3 
start to become thermally excited. These light W-bosons contribute to the 
fiuctuations in 0^, so once the probe enters the stretched horizon it cannot 
be localized to less than the size of the stretched horizon. 

Although the probe can be well-localized outside the stretched horizon, 
one subtle question remains: what is the precise relationship between the 



^We are indebted to Lenny Susskind for emphasizing this point to us on numerous 
occasions. We are also grateful to Emil Martinec for valuable discussions on this topic. 
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Higgs vev R appearing in (|T^) and the supergravity radial coordinate U ap- 
pearing in (|l])? At zero temperature one can rely on supersymmetry to make 
a precise identification. The mass of a BPS stretched string in the gauge the- 
ory is given exactly by the tree-level formula mw = R, while in supergravity 
the classical formula = U/2tt (|11]) is not corrected. Therefore one can 
identify R = 11/271 at zero temperature. However, this identification is not 
appropriate at finite temperature. We will work out the correct identification 
in section 5. 



3.2 Mean-field approximation 

Having understood the description of a localized probe at strong coupling, 
we proceed to apply mean-field methods @, |^ to the quantum mechanics. 



The 0-brane action (15) has a manifest G2 global symmetry, but the 
expectation value (|16D breaks this to SU{3), so we begin by rewriting the 
action in form with manifest SU{3) invariance. Under SU{3) C G2 the 7 
decomposes into 3 © 3 © 1. Thus in place of the seven real scalar multiplets 

we have a set of three complex scalar multiplets $a transforming in the 3, 
their adjoints $^ in the 3, and a single real scalar multiplet $7. The 0-brane 
action reads 

S = f dtd^eTT\-D^<^lD^<!>a-lD^^jD^<^-r (20) 

9ym J ^ 2 



-|- terms involving the gauge connection | 



We expand about the background ([Tq) , setting 



6^1 



a 



$7 



$7 5$ 

6<^\ R 
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with a similar expansion for the gauge connection. The hatted fields are 
N X N matrices describing the black hole background, while the off-diagonal 
fields describe W-bosons in the fundamental of U{N), and R is the Higgs vev 
which parameterizes the position of the probe. 
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Expanding the action in powers of the off-diagonal fields, we have (with 
$ referring to all of the scalar multiplets as well as the gauge connection) 

•S" = 5'background('^*) + ^'quadratic ($, + • • • • (22) 

The zeroth order terms describe the black hole background. All first order 
terms automatically vanish, given the matrix structure (^) and the fact 
that the action (^) involves a single overall trace. We can stop with the 
quadratic terms in (0), since the off-diagonal fields transform in the fun- 
damental of U{N), which means the higher-order terms make contributions 
that are suppressed by in the large- iV limit. 

To get a tractable description of the black hole background, we use our 
mean-field approximation scheme In this approximation one constructs a 
trial action 5'o($), which can be thought of as a variational approximation to 
the full action 5'background('^')- We took 5*0 to essentially be the most general 
quadratic action that one can write in terms of the fundamental background 
fields. The trial action is therefore characterized by a set of 2-point func- 
tions, which were obtained by solving a set of truncated Schwinger-Dyson 
equations. 

To make a mean-field approximation for the background, we replace 
5'background Sq in (|2^) . This gives us an effective description of the probe, 
in terms of the action 

5 = 5o(<f')+ Vadratic($,5$). (23) 

In principle this action can be solved by standard large- iV techniques, since 
5*0 is a known quadratic action and the fields 5$ are in the fundamental of 
U{N). However, for simplicity, we wish to make a further approximation: 
we will only keep fields which transform in the 3 or 3 of SU{3). We will 
say more about the validity of this truncation in section 5. Given these 
approximations, the action of interest is explicitly given by 

S = So{^aAl) + ^ [ dtd^e\-D'^6^lDJ^a-RS^y^a (24) 
9ym J ^ 



We are interested in studying this theory at finite temperature. To do this 
we use an imaginary-time formalism. We adopt the component expansions 
discussed in appendix A 
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(same for tilded fields). We continue to Euclidean space by setting 

Se = -iSm r = Hm Je = -ifu ■ 

Note that the auxiliary fields must be Wick rotated to obtain a Euclidean 
action that is bounded below. (The rotation is somewhat subtle; we need 
both 6faE = —iSfaM and Sfl^ = —iSflj^,j). We then compactify Euchdean 
time on a circle of circumference jS, and expand the fields in Matsubara 
modes. For example we write 

^ ^ rGZ+l/2 

The model (p^ can be solved by standard large- methods. The leading 
contribution to the free energy is 0{N'^), and comes from the black hole 
background. The leading contribution to the free energy of the probe is 
0{N)^ and comes from a single loop of W-bosons. Since the action (|2^) only 
has 3-point couplings involving two W-bosons and one background field, the 
W propagator is given exactly by summing rainbow diagrams, just as in the 
't Hooft model of two-dimensional chromodynamics ||T6[. The mean-field 
methods used in Q therefore provide an exact description of the probe, 
and we shall state the solution to the model using the language of mean-field 
theory. 

At leading order in the properties of the probe are completely char- 
acterized by the W propagators. We denote these propagators 

{S(j)lij54>bmj)o = A^SabSlmSlJ 

{SflijS(l)bmj)o = {S(plijSfbmj)o = hlSabSlmSlJ (25) 

{^fllI^fbmj)o = ^f^abSlmSlJ 

{^i^iarI^i'(3bsj)o = Wr^aP^ab^rs^ I J + iK(^a(3^ab^rs^ IJ 

(same for tilded fields and propagators) where /, J are indices in the funda- 
mental of U{N). These propagators are to be determined by solving a set of 
one-loop gap equations, which we give below. The background action S'o($) 
is also characterized by a set of 2-point functions, which we denote^ 

{4'l,lIj4'bmKL)o = ^fSabSlmSlLSjK 
{fmjfbmKLlO = ef5ab5lm5lLSjK 
{^larlAf^bsKL)o = Wr^afi^ab^rs^ IL^ J K ■ 

■'The propagators and are the same as in ||^, but is i times the fermion 
propagator of 
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The action (|^) has a Z2 symmetry which exchanges 5$ and 5$, and takes 
R — > —R, $ ^ — $. This symmetry imphes that 

= li = -li = = /i^ = -hr . (26) 

From now on we will use this relation to eliminate the tilded propagators. 

The propagators appearing in (^) are to be determined by solving a set 
of one-loop gap equations. The gap equations can be obtained by demanding 
that the two-loop 2PI effective action discussed in ||^, |^ is stationary with 
respect to infinitesimal variations of the propagators. The free energy of the 
probe can then be obtained by evaluating the effective action at the critical 
point. In the present case, after a rescahng discussed below, the effective 
action j3F is given by 

(5F = -6 5^ log (A^e^ + + ej^log ((^?.)' + ihr)') (27) 

I r 
+ 6 E ((^)'^' - 2^^' + - 2^ - 12 E {^9r - Rhr - 1) 

+ f ^l^'^n + J Y ^l^'m^l + J Y ^^^'rnln 

^ l+m+n=0 l+m+n=0 l+m+n=0 

^ l+r+s=0 l+r+s=0 l+r+s=0 

The gap equations and effective action are discussed in more detail in ap- 
pendix B. 

Let us briefly note an important feature of our solution. In evaluating the 
effective action, we only kept planar diagrams. This makes 't Hooft large- 

counting automatic, so the free energy of the probe is guaranteed to be 
0{N). Moreover, the Yang-Mills coupling constant can only appear in the 
combination Qym^- (pTj), and in the rest of this paper, we suppress the 
overall factor of N in the probe free energy. Also, by rescaling all dimensionful 
quantities as in appendix B, we effectively adopt units which set gyM^ ~ ^■ 

To solve the gap equations we used the numerical methods described in 
1^, which we will not review here. The basic idea is to start by solving the 
gap equations at large i?, where the theory is weakly coupled, and then use 
the Newton-Raphson method to solve the gap equations at a sequence of 
successively smaller radii. 
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4 Spectral analysis 



At leading order in the properties of the probe are completely char- 
acterized by the W propagators. In the previous section we described how 
these are computed numerically, as functions of imaginary time. There are 
a number of interesting questions that are difficult to address, however, sim- 
ply given the imaginary time propagators. For example, we would like to 
determine the masses of the W-bosons, to see if supergravity predictions for 
the behavior of strings that stretch between the probe and horizon are borne 
out, and to fix the relation between the supergravity radial coordinate U and 
the Higgs expectation value R. We would also like to determine the entropy 
of the probe in a fixed black hole background. These things are not easily 
done in imaginary time. 

To address these questions, it is useful to introduce a spectral represen- 
tation for the W propagators. By inserting complete sets of states one can 
derive the following analog of the Lehmann-Kallen spectral representation 
for a scalar propagator 

(0(r)0(O)), = r rf^pM 7^:^^;~^/^^ 0<r<p. (28) 

Jq 2to'smh(pci;/2) 

Here the spectral density is given by 

m n>m 

We will apply this spectral decomposition to the fields 6(j)a, writing their 
momentum-space propagator as 

f°° 1 
A^= / d^pi^)————^. (29) 

Jo [2111 / (jy + uj^ 

We can regard p{(jj)duj as the number of single-string microstates having 
an energy between oj and oj + du^ By expanding the propagator at large 
momentum as discussed in appendix B, note that the spectral density should 
satisfy 



dujp{uj) = 1 j dujp{uj)uj = (30) 
where m\ is the asymptotic mass (|5j 



^In Minkowski space the propagator has a branch cut along the support of p. Ordinarily 
this would reflect multi-particle intermediate states. In the case at hand the branch cut 
arises because there are N different W-bosons which can be created by the operator (50q, 
and in the large- iV limit these W-bosons have a continuous distribution of masses. 
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mass 




2 3 
radius 

Figure 1: Bounds on tUmin and c^max vs. R. Red: /? = 0.1 (perturbative 
regime), blue: (3 = 0.9, green: f3 = 3.8. The short horizontal lines mark the 
corresponding temperatures. 



An interesting problem, motivated by our discussion of supergravity in 
section 2, is to determine the energies of the lightest and heaviest string 
states Wmin and cUmax- It is easy to put bounds on these quantities, as follows. 
From (|30) we have 



Also one can use 



mi 



to show that 



cosh(/3cJmin/2) < 



(0(0)0(0))/ 
(0(/3/2)0(O)) 



/3 



(31) 



Thus we have an upper bound on ujmm, and a lower bound on c^max- These 
bounds are shown in Fig. 1. Note that as the temperature decreases, cUmin 
develops a rather sharp plateau at small radius. We take this to indicate 
that the probe has started to come to equilibrium with the black hole, in the 
range of Higgs vevs corresponding to the plateau. 

Let us point out a few features of these results, assuming that the actual 
values of cUmin and cUmax are close to saturating the bounds we have derived. At 
large radius the masses are roughly given by the classical formula mw = R- 
But at small radius and low temperature, we see clear evidence both for very 
light states, with a mass of order the temperature, and for heavy states, with 
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Figure 2: The propagator A'^{k), obtained by solving (|3^ ) at f3 = 3.0 and 
R = 0.25. The blue curve is the continued propagator. The green curve is 
reconstructed from the spectral density. 

a mass of order the 't Hooft scale {qym^Y^^ ■ The light states are expected, 
based on our discussion of supergravity in section 2. The heavy states are 
the degrees of freedom which must be integrated out, as in section 3.1, in 
order to recover a local supergravity description. 

We now turn to the problem of directly determining the spectral density. 
In principle p{uj) is uniquely determined, given the momentum-space prop- 
agators evaluated at an infinite number of Matsubara frequencies and some 
assumptions about the behavior of the propagators at infinity. In practice, 
however, it is difficult to determine p{uj) by inverting (]29|). The integration 
over frequency smooths out features present in pioj). Consequently the in- 
version process has the opposite effect, and suffers from numerical instability. 

To obtain results for the spectral density we used the following prescrip- 
tion. First we continued the gap equations ( [^ ) - to general Euclidean 
momenta, by writing, for example 

^'(fe) = + 1 V Kh'i-k - —) 

Then we obtained solutions to these equations for R > 0.25 at /? = 2.0, 3.0, 



(32) 

27rr 
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0.5 



1.5 



2.5 



3.5 
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Figure 3: The spectral density p{lj) at j3 = 3.0. 
R = 0.75, red: R = 0.5, light blue: R = 0.25. 



Dark blue: R = 1.0, green: 



4.0. Below this value of R, and for larger values of (3, it became difficult 
to obtain physical solutions to these equations. Fig. 2 shows the results of 
this procedure. By obtaining the propagators at frequencies intermediate 
to the Matsubara frequencies, we are able to obtain p{uj) with a much finer 
resolution than the spacing between Matsubara frequencies 211/(3. 

Finally, to reconstruct the spectral densities, we used a constrained Tikhonov 
regularization . The essential idea is to numerically minimize a discretiza- 
tion of 



A? 



duj 



p{uj) 



(27r///3)2 + cj2 



dp 



du 



(33) 



The minimization is performed subject to the constraint that p > 0. We also 
add terms corresponding to the constraints (|30|). The extra term dependent 
on the parameter A makes the matrices that appear in the inversion process 
well-conditioned. By choosing this extra term proportional to the norm of 
the derivative of p we enforce smoothness of the solution, which helps to 
suppress numerical instabilities. We can actually choose this term to be 
quite small A = 10""^, so that the contribution of the regulator to (|33| ) is 
negligible. We should emphasize that no starting ansatz is needed to perform 
the minimization, so no prior knowledge about the final form of the solution 
is used as input, other than the features already mentioned. The spectral 
densities that result are shown in Figs. 3 and 4. 
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Figure 4: The spectral density p{uj) aX (3 = 3.0. Dark blue: R = 4.0, green: 
R = 3.0, red: R = 2.0, light blue: R = 1.5. 

With this prescription, we believe we have obtained reliable results for 
the spectral density. The prescription seems to work best if the radius is 
not too large; the small peaks seen at large u {uj > 5) in Fig. 4 may be 
numerical artifacts, since perturbative quantum mechanics predicts a single 
peak at large R. However the relative weight of these small high frequency 
peaks decreases as R increases, consistent with perturbative expectations. 
More disturbing is the fact that the dominant peak appears to get wider at 
large R, in contrast to the perturbative result that there is a single peak 
which becomes sharper as R increases. This behavior appears to be an 
artifact of the Tikhonov regularization. We have checked that the large 
R propagators can be well-fit by a single Lorentzian spectral peak which 
becomes narrower as R increases. As a check of our results, a comparison 
of the propagator reconstructed from the spectral density and the original 
mean-field propagator is shown in Fig. 2. The reason these do not agree 
more precisely is that we have imposed a positivity constraint on the spectral 
density. By only partially summing Feynman diagrams, we have preserved 
unitarity only approximately, so the spectral weight which would exactly 
reproduce the mean field propagator need not be positive. The reasonable 
agreement seen in Fig. 2 provides us with a good indicator for how well the 
mean field approximation is working. 

Let us make some comments on the spectral densities we have obtained. 
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Figure 5: The lightest W mass as a function of i? at /? = 2.0 (red), P = 3.0 
(green) and P = 4.0 (blue). 

neglecting the numerical artifacts which seem to be present for a; > 5. A 
striking feature of our results for the spectral density is a bimodal distribution 
of W masses at sufficiently small radii. The results of |^ indicate that the 
supergravity regime should correspond to approximately R <2. At i? > 2 we 
find a single dominant peak in the spectral density, consistent with what is 
expected from the perturbative quantum mechanics. However as R decreases 
below the scale where supergravity becomes a good approximation we find 
two peaks in the spectral density. This suggests that once we enter this 
regime, two different types of fundamental strings are contributing to the 
spectral weight. One set run between the probe brane and the black hole 
horizon. These become light as R decreases, and account for the entropy 
of the black hole in the limit i? — > 0. Another set of fundamental strings 
appear to run off to the strongly curved asymptotic region of the supergravity 
background. As can be seen from Fig. 3 the sum of the positions of the two 
peaks at a given R is roughly 3.5, independent of R. This is consistent with 
the above interpretation. 

A key feature of the spectral density is that a large number of light W 
boson states are present when R is small. We plot the lightest W mass as a 
function of R in Fig. 5 (we define this as the frequency mw which satisfies 
dujpijjj) = 0.1). At large R we find mw R. As R decreases m^y 
also decreases. At some radius mw becomes of order the temperature and 
thermalization starts to occur. We identify this radius with the stretched 
horizon of the black hole. Note that the radius of the stretched horizon 
decreases with temperature, as expected. 
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Our reconstruction of the spectral density shows that the energy of the 
hghtest W is approximately constant at small radius, for example at /3 = 3.0 
we find mw ~ 0.4 for R < 0.5. This is compatible with the bound (pl|), which 
requires m^i/ < 0.51 at i? = 0. This energy scale m^y is indeed comparable 
to the temperature l/P = 0.33. Thus absorption of the probe by the black 
hole can be understood as thermal restoration of U {N + 1) gauge symmetry. 



5 Probe potential: reconstructing the space- 
time metric from quantum mechanics 

We wish to compare the probe free energy to the supergravity potential. To 
do this in a meaningful way, we must first determine how the supergravity 
radial coordinate U is related to the Higgs expectation value R. The precise 
relationship can be obtained by comparing W masses, as follows. 

Consider the mass of the lightest W boson in the quantum mechanics. 
At large R, where supersymmetry is restored and the quantum mechanics is 
weakly coupled, we can determine W masses perturbatively; a perturbative 
calculation gives mw = R + 0{1/R). As R becomes small, however, the 
spectral analysis of the previous section indicates that the mass of the lightest 
W goes to a constant of order the Hawking temperature T. To find a useful 
analytic form that captures both these limits, we fit the lightest W mass to 
the following ansatz. 

( T + aR'^ R< Ro 
mw = < (34) 
[R + b/R R>Ro 

Here Rq is an adjustable parameter, while the constants a and b are fixed by 
demanding continuity of mw{R) and its first derivative at R = Rq. Fitting 
the ansatz to the data points shown in Fig. 5 yields the interpolating curves 
also shown there, with Rq = 1.5 at /5 = 2.0, Rq = 1.2 at /3 = 3.0, and 
Rq = 1.0 at /3 = 4.0. 

On the other hand a supergravity computation of the W mass gives mw = 
(f/ — ?7o)/27r ([TT|). This is the mass of a string which stretches from the probe 
to the horizon of the black hole. It seems appropriate to identify the mass of 
this string with the mass of the lightest W boson in the quantum mechanics. 
Thus we take the relation between U and R to be 

U-Uq ( T + aR^ R<Rq 

^ = <^ (35) 

27r \ R + b/R R> Rq 
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where Uo is given by the supergravity relation (^. Of course this relation is 
only trustworthy in the region where supergravity makes sense, i. e. between 
the stretched horizon of the black hole and the region of large curvature 

Let us make a few comments on this change of coordinates. Our results 
for the potential will not require the ansatz (pS]); we could invert the relation 
between mw and R given by the data in Fig. 5, and express everything in 
terms of mw- However one may wonder whether the ansatz ( p5D captures 
the correct functional relation between U and R. Another functional form 
has been proposed in the literature J^, |18[, 



This predicts that the relation 



mw = = — \ R . , , , 

^ 271 R\ 4 V27ry J 2n 

should hold in the supergravity regime. Suppose one makes an 0{T) correc- 
tion to this formula, and takes 

,n^^l^(Rr^if'MY_U»^r. (37) 



R \ 4 V27r7 J 2n 

With Uq regarded as an adjustable parameter, one can get a quite good fit to 
the data shown in Fig. 5. Within our numerical accuracy, we cannot claim 
to distinguish between the two proposals (^) and (|37|) . 

In Fig. 6 we show a plot of the probe free energy as a function of R, 
obtained by evaluating ( ]27|) at /3 = 3.0. The continuous curve is the su- 
pergravity prediction for the effective potential ([lOD . The U coordinate is 
fixed using the relation ( p5D and the overall tension in the DBI action (^) is 
adjusted to fit the data. Note that we do not expect the overall coefficient 
to be accurately reproduced by the mean field approximation - in , where 
a complete mean-field calculation of the free energy of the background was 
performed, there was a 50% discrepancy between the predicted coefficient 
and mean field, although the scaling exponent with temperature was repro- 
duced to within a few percent. In our probe mean-field calculations we have 
not included the gauge multiplet or the 7^^ scalar multiplet, and these fields 
are expected to make a substantial contribution to the overall coefficient. 

Fig. 6 shows remarkable agreement for the shape of the potential. The 
U vs. R relation (|35|) is crucial in obtaining such good agreement. Because 
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Figure 6: The probe free energy PF vs. R, at P = 3.0. The curve shows the 
Born-Infeld action (|T0|) with the overall tension fit to the data. 

the supergravity effective potential depends in such a detailed way on the 
form of the black hole metric, we see that the mean field approximation in 
the quantum mechanics is accurately reproducing the spacetime physics of 
the black hole geometry. 

One caveat is worth mentioning. The free energy of the probe (^) falls 
off like l/R^ at large radius. This behavior is a consequence of the Af = 2 
supersymmetry of the truncated action (p^ . Note that supergravity has a 



potential ([T0|) which falls off like l/?7^ far outside the horizon (at U ^ Uq). 
Thus with the truncation (^) we could not hope to see agreement with the 
long-distance behavior of supergravity. Fortunately, in the temperature range 
we are studying, the horizon radius Uq is large enough that the shape of the 
supergravity effective potential is dominated by the square root singularity 
as U —>■ Uq. It is not particularly sensitive to whether U'^ appears or some 
other power of U appears in the potential. This makes it possible for the 
truncated probe theory to reproduce well the shape of the potential. 

Finally, let us discuss the behavior at small radius. The gauge theory has 
the property that as R —>■ the probe 0-brane becomes indistinguishable from 
the N 0-branes that make up the black hole background. This is clear from 
the form of the expectation value (|16|). This behavior is compatible with the 
properties of supergravity discussed at the end of section 2: the free energy 
of a probe that has come to equilibrium with the black hole can be obtained 
from the free energy of the background, simply by shifting N ^ N + 1. 

This behavior is respected by our approximation, in the sense that as 
R ^ the gap equations for the W propagators in the theory ( ]23|) become 
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Figure 7: Comparison of the scalar propagators at small R in the full mean 
field approximation (blue circles) and the truncated mean field approximation 
(green x's), at /3 = 3.0. 

identical to the one-loop gap equations which we used to describe the black 
hole background in 0. When we truncated the action, going from (^) to 
(p4D, we slightly violated the property that the background and W propaga- 
tors agree at i? = 0. We can use this to test the validity of the truncation. 
A comparison of the scalar propagator at = 0.1 in our truncation, and 
the corresponding propagator for the background, is shown in Fig. 7. The 
zero frequency modes differ by about 20%, however this discrepancy rapidly 
decreases for the higher Matsubara modes: at /c = 27r//3 the difference is 9%, 
and becomes less than 1% for k > Mvr//?. 

The free energy is rather more sensitive to the truncation than the prop- 
agators themselves. In the truncated probe mean field approximation we 
find /5Fprobe = —5.7 as i? — > at /5 = 3.0, whereas a complete mean-field 
calculation would give /^-Fprobo = —2.0 at i? = (this follows from shifting 
— i> iV -|- 1 in the results of 0). These free energies should be compared to 
the supergravity prediction /^-Fprobe = —0.80 for a probe in equilibrium with 
the black hole (p!3D. We see that the full mean field is off by a factor of 2.5 
from the supergravity prediction, while the truncated probe mean field is off 
by a factor of 7. The dominant source of the discrepancy between the two 
mean field results is the zero mode of the gauge field. The fact that the shape 
of the curves in Fig. 6 match so well suggests that the extra contribution due 
to the gauge zero mode leads only to a renormalization of the probe mass. 
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and does not alter the overall shape of the potential. We plan to extend the 
probe mean field approximation to include the gauge multiplet, as well as 
the 7^^ scalar multiplet, in future work. This will be important for seeing a 
more detailed matching of the probe mass, and also to resolve finer features 
of the probe effective potential. 



6 Probe Entropy 

We now turn to computing the entropy of the probe as a function of radius. 
Our expectation is that outside the stretched horizon, where supergravity is 
valid, the entropy of the probe should be very small. (In fact, according to 
classical supergravity, the entropy of the probe is exactly zero.) However as 
the probe reaches the stretched horizon light W's become thermally excited, 
and the probe acquires a non-zero entropy. This should provide a clear signal 
for the breakdown of supergravity at the stretched horizon of the black hole. 

We wish to compute the entropy of the probe while holding the mass of 
the black hole (and the radius of the probe) fixed. In the imaginary time 
formalism, the temperature of the probe is tied to the temperature of the 
black hole. This means we cannot compute the entropy using the canonical 
ensemble. Rather we have to define the probe entropy microcanonically. 
This is easily done, given the spectral representation (^91). We merely have 
to integrate the spectral density against the entropy of a harmonic oscillator 
with frequency u and temperature 1/P 

= A' / d^Pi-) ( 2tanS./2) ' '"^^ -M/3W2))) • (38) 

The resulting entropy is shown in Fig. 8. (This is the entropy of a single W 
boson; to get the bosonic entropy of the full theory ( p4D one should multiply 
by 6). Of course there are also fermionic strings, which make an (additive) 
contribution to the total entropy, but the bulk of the entropy comes from the 
bosons. 

We can see that the probe entropy is small at the edge of the eigenvalue 
cloud. For a spectral density of the sort we obtained in section 4, (|38|) predicts 
that the probe entropy is exponentially small outside the stretched horizon, 
roughly Sprobo ~ e"^™^ ~ e~^^. It only begins to increase dramatically at 
a considerably smaller radius, which we identify with the stretched horizon 
of the black hole. As can be seen in Fig. 8, the stretched horizon moves to 
smaller values of R as the temperature decreases. Also note that the entropy 
increases more suddenly at lower temperatures. Both these features are in 
accord with the supergravity expectation (O). 
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Figure 8: Bosonic contribution to the probe entropy vs. R at P = 2.0 (red), 
P = 3.0 (green) and /? = 4.0 (blue). The edge of the eigenvalue distribution 
(|T7p lies at about R = 1.8. Numerical calculations were performed at the 
indicated points. 

7 An entropy — radius relation 

As a final topic, we discuss an interesting relation between the entropy of a 
black hole and the radius of the black hole horizon. In this section we do not 
use a 0-brane probe, although much of what we will say is motivated by the 
results of the previous sections. 

Within the context of our mean- field approximation the black hole is 
modeled as a collection of A^^ independent degrees of freedom. Let p{lj) be 
the corresponding spectral density for the bosons. Then the entropy of the 
black hole is given by a formula analogous to (^), 

S., ~ I i.p(.) - log(2 .^HM2))) (39) 

where we have neglected a small contribution from the fermions. The spec- 
tral density of the black hole background should be identical to the spectral 
density of a probe at very small radius. Having analyzed the probe spectral 
density, we expect that piu) has two peaks, one centered around u T and 
one centered around much higher frequencies. Moreover these peaks are very 
narrow. So up to a coefficient, the black hole entropy is just given by the 
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area of the first low-frequency peak 



5bh ~ / dup{Lu) . (40) 

ifirst peak 

Now let us obtain an expression for the radius of the black hole horizon Rh. 
We will define this, not in terms of a probe brane, but rather as in section 5 



of 0, in terms of the 2-point function of the time-averaged scalar fields (plQl). 
In terms of the spectral representation ( pSj ) we have 



Ri.i^'^^J^^,^.)^—^^^ (41) 

where A is a high-frequency cutoff, corresponding to a choice of resolving time 
used to define the size of the black hole. A should be chosen to keep only the 
light modes, the modes which are described by supergravity. Since p^u) has a 
bimodal distribution, there is a natural set of frequencies to exclude; we take 
the horizon size to be given by just integrating over the first low-frequency 
peak. As the peak is narrow and concentrated around u; ~ T we get (up to 
a numerical factor) 

Rl-P L , dwp{u) . (42) 

Jnrst peak 

Combining ( ^OD and ( ^2]) we get a non-trivial relationship between the horizon 
radius and entropy of the black hole. Restoring units 

Note that we have obtained this relationship strictly within the gauge theory. 

Remarkably, however, a supergravity relationship of this form is valid for 
all black holes that arise as the near-horizon geometry of black p-branes. The 
supergravity relationship is 

where the constant of proportionality depends on the dimension of the brane. 
This relationship was noticed in appendix C.2 of [Q. 

There are a few points worth mentioning about this derivation. 

1. The gauge theory measures the horizon radius Rh in terms of a Higgs 
field, while supergravity measures the horizon radius Uo in terms of the 
radial coordinate U. The two coordinates are not the same. However 
in the range of temperatures we have studied, the two coordinates do 



not differ significantly. Also the considerations of ||^, [T^ suggest that 
Rh is always proportional to Uq- 
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2. The expression (|39D is only the leading expression for the entropy in 
the mean-field approximation. There is an infinite series of perturbative 
corrections to the leading mean-field result. As suggested in these 
higher corrections may only change numerical coefficients, which we 
have anyways ignored. 



We take the agreement between (^31) and (|4[) to mean that the assumptions 
which went in to deriving ( P5| ) are qualitatively correct. In particular, this 
supports our claim that the spectral distribution has a clear separation of 
light and heavy degrees of freedom, and has a narrow peak at frequencies 
a; ~ T. 



8 Conclusions 

In this paper we studied a 0-brane probe of a ten-dimensional non-extremal 
black hole, directly in terms of the dual strongly-coupled quantum mechan- 
ics. We described the black hole background using the mean-field methods 



of 0. Following Susskind [T^, we showed that a localized probe could be 
described in the quantum mechanics, once a suitable resolving time has been 
introduced. We studied the spectral representation of the W propagators, 
and found that light states are present in the quantum mechanics whenever 
the probe is inside the stretched horizon. These light states provide a mech- 
anism for the black hole to absorb infalling matter, along the lines suggested 
in |jTl|. It would be quite interesting if these light states could be related to 



the light fractionated monopoles which Mathur proposed as an absorption 



mechanism for certain black holes ||19|| . 



Given the W propagators, it was straightforward to compute the free en- 
ergy of the probe. We showed that outside the stretched horizon the probe 
potential was in accord with supergravity expectations. However the probe 
acquires a non-zero entropy once it enters the stretched horizon, as the light 
W states become thermally excited. This provides a clear signal that su- 
pergravity breaks down at the stretched horizon of a black hole, at least 
according to a Schwarzschild observer. 

There are several interesting directions in which one could extend the re- 
sults of this paper. For example, for simplicity we studied a truncated model 
for the probe (p4|) , in which several fields were suppressed. But one can solve 
the full model (0), using essentially the same techniques. This should lead 
to improved results, in particular for the probe effective potential. Another 
interesting problem would be to study a probe with non-zero velocity. One 
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could then compute, not only the probe potential, but also the probe kinetic 
terms. One could then hope to identify the non-trivial causal structure of 
the black hole metric (Q), as reflected in the probe effective action (^. 
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A Af = 2 superspace 

With M = 2 supersymmetry we have an 5*0 (2) R-symmetry, with spinor 
indices = 1,2 and vector indices z,j = 1,2. The S0{2)ii Dirac matrices 
7^^ are real, symmetric, and traceless. Given two spinors if) and x? there are 
two invariants one can make, which we denote by 



Af = 2 superspace has coordinates (t,9a), where 9a is a collection of real 
Grassmann variables that transform as a spinor of 5*0(2)^. The simplest 
representation of supersymmetry is a real scalar superfield (complex conju- 
gation reverses the order of Grassmann variables) 



It contains a physical real boson and a physical real fermion ijja, along with 
a real auxiliary field /. To describe gauge theory we introduce a real spinor 
connection on superspace with component expansion 



The fields A* are physical scalars, while are their superpartners, d is an 
auxiliary boson, Xa are auxiliary fermions, and Ao is the 0+1 dimensional 
gauge field. 

To write a Lagrangian we introduce a supercovariant derivative 




^a = Xa + AqOo, + A*7^^6'/3 + deafjO p + 2eal3Xl3d'^ ■ 



D. 



a 




a 



(45) 
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and its gauge-covariant extension 

V, = + . (46) 

The action for N 0-branes is built from a collection of seven adjoint scalar 
multiplets that transform in the 7 of a G2 C SO (9) global symmetry, 
coupled to a U{N) gauge multiplet Fq. The action reads 

S=^ [ rftrf2^Tr(-^V"^,V„^, - Jv"$aV«$a - yABc<^A[<^B, $c]) • 
9ym 7^ 4 2 3 / 

(47) 

Here J-'i = |7^^{Va, V/3} is the field strength constructed from Fq, and /abc 
is a totally antisymmetric G2-invariant tensor, normalized to satisfy 

3 

fABcfABD = T^^CD ■ (48) 



B Effective action and gap equations 

The propagators (^5|) correspond to a Gaussian trial action for the off- 
diagonal fields (with a similar action for tilded fields) 

s.mm ^ ./i)(f] (49) 

a,r ^ / \ / 

The 2-loop 2PI effective action discussed in Q is defined by^ 

f]F = f]Fo + {S-So)o-l{{Shi))c,o 

where /5Fo is the free energy of the trial action (|49|), 5 — 5*0 is the difference 
between the full action (|2^) and the trial action (|49|) , and Sm refers to cubic 
terms in the full action. A subscript C, denotes a connected expectation 
value computed using the trial action. In the present case, the effective action 
is given by 

= -QN J2 log {^hl + (70') log {i9rf + (Kf) (50) 

I r 

6A^ v-^ A27r/,. . . . \ 12N^f2nr , , \ 

+^ E (^)^i - 2^^/ + - 2g'yM " ^ E - RK - qIm 

9ym I \ P / 9ym ^ \ P / 

^This quantity was denoted /off in fl- 
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2AN^ ^ ^2a2 2 12Ar2 ^ ^2^2 A 2 24Ar^ 



The effective action respects 't Hooft large- scaling, so all factors of Qyai^ 
can be eliminated from ([5^) by appropriate rescalings of dimensionful quan- 
tities. For example, one sets 

The rescaled effective action, with the overall factor of suppressed, is given 
in (^). Requiring that the rescaled effective action is stationary with respect 
to variation of the propagators gives rise to the following set of gap equations 



A?e? + (70' ' P ' P ^ ran ' ^ ^ ^ n ' ^ 

' ' ^ ' ^ m+n=-l ^ m+n=-l ^ r+s=-l 



(51) 



. 4 



1 + 7^ E ^"rn^n (52) 



+ (70' P 
dr 27rr 4 2 4 



A^Tf^- -^^^ E (53) 

' ' m+n.=— i 



w^^"'^"^,.?-/''''- '''' 



By comparing (|5^) and (p3|), note that 7/ = — i?A^. 

An important aid in finding numerical solutions to the gap equations is 
to solve for the large-momentum behavior of the propagators analytically f^. 
At large momentum we find that the propagators have the behavior 

A 2^. 1 -R ^2^ (2vrW 



{27rl/P)^ + ml " (27r///5)2 + m2 ' {27Tl/py + m 



A 



, -R ...^ 

~ 77^ 775^, 2 (56) 



^' (27rr/;g)2 -t- mi ' (27rr//3)2 + 
where the asymptotic masses are given by 

4 ^ 4 



m. 
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